Plasmons in highly doped graphene offer the means to dramatically enhance light absorption in the atomically thin material. Ultimately the absorbed light energy induces an increase in electron temperature, accompanied by large shifts in the chemical potential. This intrinsically incoherent effect leads to strong intensity-dependent modifications of the optical response, complementing the remarkable coherent nonlinearities arising in graphene due to interband transitions and anharmonic intraband electron motion. Through rigorous time-domain quantum-mechanical simulations of graphene nanoribbons, we show that the incoherent mechanism dominates over the coherent response for the high levels of intensity required to trigger nonperturbative optical phenomena such as saturable absorption. We anticipate that these findings will elucidate the role of coherent and incoherent nonlinearities for future studies and applications of plasmon-assisted nonlinear optics.
INTRODUCTION
Plasmon excitations in conducting nanostructures concentrate electromagnetic energy into spatial regions commensurate with the structure size, enabling control over light-matter interactions on the nanoscale for diverse applications including optical sensing [1, 2] , photovoltaics [3, 4] , and nonlinear optics [5, 6] . In this context, highly doped graphene has emerged as an attractive plasmonic material capable of supporting long-lived and electrically tunable collective excitations that can boost light absorption well beyond the intrinsic broadband 2.3% level in pristine samples [7, 8] . This material presents a 2E F optical gap when doped to a Fermi energy E F , and indeed, plasmons emerge within this gap, although, more realistically, they are severely damped by coupling to interband transitions unless the plasmon energy is ≲E F . Under this condition, plasmons are well defined and supported by multiple coherently coupled virtual intraband transitions.
Currents associated with these intraband transitions undergo a strongly anharmonic motion that reflects the linear electronic dispersion in graphene and leads to a highly nonlinear response to external electromagnetic fields [9] [10] [11] [12] [13] [14] [15] [16] [17] . However, most experimental studies on graphene nonlinear optics have dealt with interband effects, including reports of large third-order susceptibilities linked to wave mixing [18] , harmonic generation [19] [20] [21] [22] [23] , and the Kerr effect [24] [25] [26] . Carbon monolayers are also an attractive platform for passive mode locking and other applications that rely on saturable absorption, which in undoped graphene emerges at remarkably low light intensities [27, 28] . Although saturable absorption can be coherently induced, particularly in few-level molecular systems, the high optical intensities required to trigger this effect invariably lead to incoherent processes that substantially alter the response of a material such as graphene.
Similarly, incoherent processes can affect graphene plasmons: aside from the strong near-field enhancement, the optical energy absorbed upon resonant excitation of graphene plasmons and their eventual decay also elevates the temperature of its conduction electrons. The temperature increase can be dramatic because of the low heat capacity associated with massless Dirac fermions [29] . This phenomenon results in a delayed, incoherent nonlinear response, which can be exploited to optically modulate plasmon resonances. In particular, an intense ultrashort pump pulse can heat the 2D electron gas to an out-of-equilibrium state that reaches a local thermal equilibrium on a timescale of tens of femtoseconds, and subsequently cools by transferring energy to the graphene lattice at a much lower rate (∼1 ps). Then, during the time when the electronic temperature has an elevated value, the response of graphene is characterized by transient plasmonic resonances that strongly affect optical absorption [29, 30] .
In this paper, we report on rigorous nonperturbative quantummechanical simulations to study the transient optical nonlinearity associated with plasmons in nanostructured graphene. We placethe material and the incoherent effects produced when inelastic transitions transform part of the optically absorbed energy into electronic heat. Specifically, we consider graphene nanoribbons, which are common elements in both experimental studies and envisioned applications of graphene plasmonics [31] [32] [33] . We simulate the optical response of the ribbons using a tight-binding model for the electronic structure combined with self-consistent-field time-domain solutions of the one-particle density-matrix equation of motion [11, 16] . Results are presented for continuous-wave (cw) illumination, individual ultrashort pulses, and degenerate pump-probe irradiation. With only a few reported measurements on the nonlinear plasmonic response of graphene [30, 34] , our work elucidates the role of electronic heating and out-of-equilibrium dynamics in optical absorption associated with graphene plasmons. In particular, we show that the incoherent response due to the out-of-equilibrium electronic distribution produces a remarkable reduction in the light intensity threshold for saturable absorption that persists over hundreds of femtoseconds, as revealed by pump-probe spectroscopy simulations.
THEORETICAL FORMALISM
Electron dynamics in graphene nanostructures is described by the single-electron density-matrix equation of motion [11, 16] 
where H H TB − eϕ is the total Hamiltonian, consisting of the tight-binding term H TB (with an assumed nearest-neighbor 2.8 eV hopping energy) and the interaction with the total electrostatic potential ϕ ϕ ext ϕ ind , including contributions from the external driving electric field and the induced Coulomb interaction, respectively, and Γρ describes incoherent electron scattering. The density matrix is constructed from single-electron states jji with energies ℏε j according to ρ P jj 0 ρ jj 0 jjihj 0 j, where ρ jj 0 are time-dependent complex-number coefficients. In practice, we express Γρ by employing either of two levels of description [see Fig. 1 (a)]: (i) a static relaxation scheme, consisting in directly relaxing the system at a phenomenological rate γ 0 to the equilibrium state corresponding to times before the external potential is introduced, so we take Γρ γ 0 ρ − ρ 0 , where the matrix elements of ρ 0 are constructed as ρ 0 jj 0 δ jj 0 f j , with f j denoting the occupations described by Fermi-Dirac statistics at ambient temperature (300 K in our simulations); and (ii) a dynamic relaxation scheme, in which the system relaxes at a fixed rate γ T to a dynamically evolving equilibrium state that is determined by the instantaneous effective electronic temperature T and chemical potential μ, so we take Γρ γ T ρ − ρ T γ ph ρ − ρ 0 , where ρ T jj 0 δ jj 0 f j μ, T and the second term accounts for further relaxation to phonons at a rate γ ph . In the dynamic relaxation scheme, T and μ are computed by imposing conservation of energy and electronic population, which lead to the equations X
respectively, with N e denoting the number of electrons in the system. Comparison of the aforementioned treatments of electronic relaxation highlights the effect of out-of-equilibrium electron dynamics on the nonlinear plasmonic response of graphene.
RESULTS AND DISCUSSION

A. Continuous-Wave Illumination
Throughout this work, we consider a highly doped selfstanding graphene nanoribbon (W 20 nm width, zigzag edge terminations, E F 0.5 eV Fermi energy) illuminated by light that is polarized across the ribbon width, focusing on the spectral range around the lowest-energy transverse dipole plasmon (ℏω p 0.382 eV energy). In Fig. 1(b) we present absorption cross-section spectra corresponding to cw illumination with different light intensities. The cross section normalized to the graphene area A is obtained as σ abs ω ∕A 4πω∕cW Imfp ind ω ∕E ext g by first calculating the induced dipole p ind ω per unit of ribbon length for incident light of frequency ω and electric field amplitude E ext . In the cw regime, the spectral weight of the impinging field is fully concentrated into each frequency considered, resulting in strong redshifting of the plasmon resonance when the out-of-equilibrium electron dynamics is taken into account. This phenomenon can be explained by the optically induced shift in the chemical potential attained in the steady-state, which modulates the effective plasmon resonance of the nanoribbon, while saturation of absorption dominates in the region near the original weak-field plasmon resonance. In Fig. 1(c) , inspection of the absorption at the linear plasmon resonance frequency as a function of light intensity reveals a more rapid onset of saturable absorption in the dynamic relaxation scheme. We also show in Figs. 1(d) and 1(e) the effect of nonequilibrium dynamics on the nonlinear response associated with third-harmonic generation, which is found to be qualitatively similar to that on the absorption, but amplified through the higher-order dependence on the plasmonic near field.
B. Illumination by Intense Ultrashort Pulses
The electron temperature can rapidly increase in graphene under moderately intense resonant illumination because of the low heat capacity associated with Dirac fermions, a result originating in their conical dispersion, which also explains why only a small number of carriers is needed to sustain plasmons compared to materials with parabolic dispersion [29] . We investigate this phenomenon by studying the response to normally incident pulses of a fixed 1 J∕m 2 fluence and varying full width at half-maximum (FWHM) duration Δ. The temporal evolution of different relevant quantities is presented in Figs. 2(a)-2(d) as obtained with the dynamic relaxation scheme. Specifically, we show the induced dipole moment [ Fig. 2(a) ], the total electronic energy [ Fig. 2(b) ], the chemical potential [ Fig. 2(c)] , and the electronic temperature [ Fig. 2(d) ] for pulses of duration Δ 5-160 fs (see labels). Although the pulse fluence is fixed, the energy delivered to the graphene nanoribbon increases with pulse duration [ Fig. 2(b) ] as a result of the involved Coulomb interactions among electrons, which persist in the absence of the driving incident field and produce an offset of the time at which a maximum is reached in the electronic energy. We note that remarkably large shifts in the chemical potential μ and electronic temperature T [Figs. 2(c) and 2(d)] are produced by using pulses of only 1 J∕m 2 fluence, indicating a strong potential for efficient all-optical pulse modulation via pump-probe excitation of graphene plasmons.
Further insight into coherent and incoherent absorption is gained by analyzing the frequency-domain response associated with resonant pulse excitation. To this end, we plot in Figs. 2(e)-2(j) the spectral decomposition of the induced dipole moment for the pulses considered in Figs. 2(a)-2(d) (solid curves, dynamic relaxation scheme), along with that of the impinging pulses (dotted curves). The role of out-of-equilibrium dynamics is probed by superimposing data obtained from static relaxation simulations (dashed curves). For short pulses, different spectral components of the impinging pulse are absorbed in the dynamic and static relaxation schemes, although the total amount of absorbed energy is similar in both of them. In particular, the peak absorption frequency is blueshifted for pulses with a duration Research Article comparable to the relaxation time 1∕γ 0 , such that most of the pulse overlaps temporally with the transient out-of-equilibrium electronic distribution, while the spectral response for longer pulses approaches the saturation and redshift observed under cw excitation [ Fig. 1(b) ]. Lower-fluence pulses, while still significantly decreasing the effective chemical potential, promote fewer electrons into excited out-of-equilibrium states, leading instead to a redshift of the effective nanoribbon plasmon frequency and increased absorption at lower frequencies (see Supplement 1 for more details).
The out-of-equilibrium electronic distribution clearly enhances the saturation of absorption, as illustrated in Figs. 2(k) and 2(l), in which we plot the normalized absorbed energy calculated from 1∕FA R dtj ind tEt, where j ind t is the surface current induced by the impinging field Et, A is the graphene area, and F is the pulse fluence. The discrepancy between the predictions of the static and dynamic relaxation schemes increases with pulse duration and becomes dramatic for greater fluence. Likewise, greater fluence is required for saturation to occur as the pulse duration is decreased [ Fig. 2(l) ], so that it is hardly observable for the 5 fs pulses considered here, but reaches significant levels with pulses with a duration over a few tens of femtoseconds.
C. Pump-Probe Spectroscopy
The dramatic changes in the chemical potential and electronic temperature produced in the graphene nanoribbon by a resonant pump pulse can then be probed by a secondary pulse, as illustrated in Fig. 3 . In particular, we simulate the modulation of a probe pulse by an identical pump pulse by varying the temporal separation between the two of them. For simplicity, we consider pulses of fixed duration (Δ 10 fs) and fluence (F 1 J∕m 2 ). In Fig. 3(a) , we show the temporal evolution of the current j ind t induced in the nanoribbon for a pump-probe delay of 50 fs, clearly revealing the overlap of the pump-induced current with the arrival of the probe. This results in a modulation of the energy absorbed from the probe as a function of delay, which is plotted in Fig. 3(b) , as obtained from 1∕FA R dtj ind tE probe t, where E probe t is the probe electric field amplitude. Pump modulation of the probe occurs for delays that are significantly longer than the duration of the induced current (∼1∕γ T , determined by inelastic relaxation of the plasmon field) as a result of changes due to the pump-induced out-of-equilibrium electronic distribution, extending up to delay times of ∼1∕γ ph 130 fs for the assumed value of γ ph 5 meV. In practice, spectral information on the probe interaction can be gathered, for example, by sending pump and probe beams along slightly different directions near the graphene surface normal and spectrally decomposing the transmitted probe pulse. A simulation of this type of configuration is presented in Fig. 3(c) ∕A is defined in such a way that its frequency integral yields the profile shown in Fig. 3(b) ]. The results reveal large variations in the probe absorption spectra, which remarkably include negative cross sections, representing stimulated photon emission (i.e., some of the probe components are amplified), as well as oscillations between emission and absorption with a detuning period ω − ω p ∼ 2π∕delay. These variations become dramatic when illuminating with high-fluence pulses, with emission at certain spectral components appearing even at negative probe delay, that is, when the probe pulse arrives before the pump (see Supplement 1).
CONCLUSION
In summary, we have shown that the out-of-equilibrium electronic distribution induced by intense, resonant illumination of plasmons in nanostructured graphene results in a strong transient incoherent nonlinear optical response that can dominate over the sought-after coherent nonlinear response. Under such conditions, our results indicate that the combined changes in electronic temperature and chemical potential effectively detune the graphene plasmon resonances from their linear regime values, enabling all-optical modulation. Additionally, a significant saturation of absorption is predicted to occur due to such incoherent processes, although in a more realistic scenario where the graphene nanostructure is supported by a substrate, screening by the dielectric environment should increase the required incident optical intensity. We attribute the reported high incoherent optical nonlinearity to the relatively low electronic heat of graphene and the comparatively small number of electrons involved in its plasmons, which limit the coherent nonlinear manipulation of optical pulses to very short durations (below 100 fs) but open new opportunities for transient plasmon-assisted light modulation, with potential uses in nonlinear nanophotonic devices such as optical switches and saturable absorbers. See Supplement 1 for supporting content.
